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It all comes down to adding and removing redundant clauses
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Redundant clauses

A clause is redundant w.r.t. a formula if adding it to the
formula preserves satisfiability.

m For unsatisfiable formulas, all clauses can be added,
including the empty clause ( ).
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Redundant clauses

A clause is redundant w.r.t. a formula if adding it to the
formula preserves satisfiability.

m For unsatisfiable formulas, all clauses can be added,
including the empty clause ( ).

A clause is redundant w.r.t. a formula if removing it from
the formula preserves unsatisfiability.

m For satisfiable formulas, all clauses can be removed.
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Redundant clauses

A clause is redundant w.r.t. a formula if adding it to the
formula preserves satisfiability.

m For unsatisfiable formulas, all clauses can be added,
including the empty clause ( ).

A clause is redundant w.r.t. a formula if removing it from
the formula preserves unsatisfiability.

m For satisfiable formulas, all clauses can be removed.

Challenge regarding redundant clauses:
m How to check redundancy in polynomial time?
m ldeally find redundant clauses in linear time
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Subsumption

A Variable Elimination

N

Bounded Variable Addition
@A Blocked Clause Elimination
B Hyper Binary Resolution

@ Unhiding Redundancy
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Subsumption
Tautologies and Subsumption

Definition (Tautology)

A clause C is a tautology if its contains two complementary literals /, /.

The clause (aV bV b) is a tautology.

Definition (Subsumption)
Clause C subsumes clause D if and only if C C D.

The clause (2 b) subsumes clause (2 bV €).
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Subsumption
Self-Subsuming Resolution

Self-Subsuming Resolution
cCvli DvI (avbvl) (avbvcVl)

cCcD

D (avbVc)

resolvent D subsumes second antecedent D V |
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Subsumption
Self-Subsuming Resolution

Self-Subsuming Resolution
cCvli DvI (avbvl) (avbvcVl)

cCcD

D (avbVc)

resolvent D subsumes second antecedent D V |

assume a CNF contains bo’Eh antecedents
...(avbvi)(avbvcVvli)---

if D is added then DV I can be removed [}
which in essence removes [ from DV I...(avbVI)(aVvbVvc )...

initially in the SATeLite preprocessor

now common in many SAT solvers
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Subsumption
Self-Subsuming Example

Self-Subsuming Resolution

cCvli DvI (avbvl) (avbvcVl)
C
D cehb (avbVc)

resolvent D subsumes second antecedent DV |

Example: Remove literals using self-subsumption
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Subsumption
Self-Subsuming Example

Self-Subsuming Resolution

cCvli DvI (avbvl) (avbvcVl)
C
D cehb (avbVc)

resolvent D subsumes second antecedent DV |

Example: Remove literals using self-subsumption

( bvec) A (avbvce) A
(3vbVvE) A (avbVvec) A
(3vbvd) A (a3vbvd) A
(avevd) A (avEvd)
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Self-Subsuming Example

Self-Subsuming Resolution
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C
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Subsumption
Self-Subsuming Example

Self-Subsuming Resolution

cCvli DvI (avbvl) (avbvcVl)
C
D cehb (avbVc)

resolvent D subsumes second antecedent DV |

Example: Remove literals using self-subsumption

<
a

o
<

O L L
<< <
O oI T
< <
> > > >
oo W
<< <LK
O Tl
< <
Q0 0O
> > >

(
(
(
(

Q Q

M.J.H. Heule (UT Austin) Prepocessing July 5, 2013 8 /42



Subsumption
Self-Subsuming Example

Self-Subsuming Resolution
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Self-Subsuming Example

Self-Subsuming Resolution
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C
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Example: Remove literals using self-subsumption
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Subsumption
Self-Subsuming Example

Self-Subsuming Resolution

cCvli DvI (avbvl) (avbvcVl)
C
D cehb (avbVc)

resolvent D subsumes second antecedent DV |

Example: Remove literals using self-subsumption

( bvec) A (avbvce) A
@  )A(av_ c)A
(avb ) A (avbvd) A
(avé ) A (aVvEvd)
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Subsumption
Implementing Subsumtion

Definition (Subsumption)

Clause C subsumes clause D if and only if C C D.

The clause (2 b) subsumes clause (2 bV €).

Forward Subsumption

for each clause C in formula F do
if C is subsumed by a clause D in F\ C then
remove C from F
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Subsumption
Implementing Subsumtion

Definition (Subsumption)

Clause C subsumes clause D if and only if C C D.

The clause (2 b) subsumes clause (2 bV €).

Forward Subsumption

for each clause C in formula F do
if C is subsumed by a clause D in F \ C then
remove C from F )
for each clause C in formula F do
remove all clauses D in F that are subsumed by C

v
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Subsumption
Implementing Subsumtion

Definition (Subsumption)

Clause C subsumes clause D if and only if C C D.

The clause (2 V b) subsumes clause (2 bV €).

Forward Subsumption

for each clause C in formula F do
if C is subsumed by a clause D in F\ C then
remove C from F

v

Backward Subsumption

for each clause C in formula F do
pick a literal / in C
remove all clauses D in F; that are subsumed by C

v
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Variable Elimination

Variable Elimination
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Variable Elimination

Variable Elimination [DavisPutnam'60]

Definition (Resolution)

Given two clauses C = (xVa;V---Va;)and D = (XV by V---Vb),
the resolvent of C and D on variable x (denoted by C ®, D) is
(a1V---Va Vb V---Vb)

Resolution on sets of clauses F, and F; (denoted by F, ®, Fx)
generates all (non-tautological) resolvents of C € F, and D € Fx.
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Variable Elimination

Variable Elimination [DavisPutnam'60]

Definition (Resolution)

Given two clauses C = (xVa;V---Va;)and D = (XV by V---Vb),
the resolvent of C and D on variable x (denoted by C ®, D) is
(a1V---Va Vb V---Vb)

Resolution on sets of clauses F, and F; (denoted by F, ®, Fx)
generates all (non-tautological) resolvents of C € F, and D € Fx.

Definition (Variable elimination (VE))

Given a CNF formula F, variable elimination (or DP resolution)
removes a variable x by replacing F, and F; by F, ®, Fx
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Variable Elimination

Variable Elimination [DavisPutnam'60]

Definition (Resolution)

Given two clauses C = (xVa;V---Va;)and D = (XV by V---Vb),
the resolvent of C and D on variable x (denoted by C ®, D) is
(a1V---Va; Vb V---Vb)

Resolution on sets of clauses F, and F; (denoted by F, ®, Fx)
generates all (non-tautological) resolvents of C € F, and D € Fx.

Definition (Variable elimination (VE))

Given a CNF formula F, variable elimination (or DP resolution)
removes a variable x by replacing F, and Fx by F, ®, Fx

Proof procedure [DavisPutnam60]

VE is a complete proof procedure. Applying VE until fixpoint results
in the empty formula (satisfiable) or empty clause (unsatisfiable)
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Variable Elimination
Example VE by clause distribution

Definition (Variable elimination (VE))

Given a CNF formula F, variable elimination (or DP resolution) removes a
variable x by replacing Fyx and Fx by F, ®x Fx
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Variable Elimination

Example VE by clause distribution [DavisPutnam'60]

Definition (Variable elimination (VE))

Given a CNF formula F, variable elimination (or DP resolution) removes a
variable x by replacing Fyx and Fx by F, ®x Fx

Example of clause distribution

\
~'.I|
Vs

(x V¢) (x v d) (xV3avbh)
(xVa) (aVe) (aVvd) (a\/é\/t:J)
Fx (x Vv b) (bV o) (bVd) (bVvavb)

(xvVevf)| (cvevf) (dvevf) (3VbVvevf)
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Variable Elimination

Example VE by clause distribution [DavisPutnam'60]

Definition (Variable elimination (VE))

Given a CNF formula F, variable elimination (or DP resolution) removes a
variable x by replacing Fyx and Fx by F, ®x Fx

Example of clause distribution

\
~'.I|
Vs

(x V¢) (x v d) (xV3avbh)

(xVa) (aVe) (aVvd) fav-av-b)
Fx (X VvV b) (bVe) (bVvd) (bvavb)
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Variable Elimination

Example VE by clause distribution [DavisPutnam'60]

Definition (Variable elimination (VE))

Given a CNF formula F, variable elimination (or DP resolution) removes a
variable x by replacing Fyx and Fx by F, ®x Fx

Example of clause distribution

""|

r Y

(x V¢) (x v d) (xV3avbh)

(xVa) (aVe) (aVvd) (avavbhb)
Fx (X VvV b) (bVe) (bVvd) (bvavb)

(xvVevef)| (cvevf) (dvevf) (3VbVvevf)

example: |Fyx ® Fx| > |F«| + |Fz|; in general: exponential growth of clauses
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Variable Elimination

VE by substitution [EenBiere07]

General idea

Detect gates (or definitions) x = GATE(ay, ..
and use them to reduce the number of added clauses

., ap) in the formula
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Variable Elimination

VE by substitution [EenBiere07]

General idea

Detect gates (or definitions) x = GATE(ay, ..., a,) in the formula
and use them to reduce the number of added clauses

Possible gates

gate G, Gx
AND(ay, ..., an) (xVaVv---Vva,) (XxVai),...,(xVa,)
OR(a1,...,an) (xVa1),...,(xVa,) (XVarV---Vap,)
ITE(c,t,f)  (xVEViE),(xVeVvF) (xvEVt),(XVcVf)

M.J.H. Heule (UT Austin) Prepocessing July 5, 2013 13 / 42



Variable Elimination
VE by substitution [EenBiere07]

General idea

Detect gates (or definitions) x = GATE(ay, ..., a,) in the formula
and use them to reduce the number of added clauses

Possible gates

gate G, Gx
AND(ay, ..., an) (xVaVv---Vva,) (XxVai),...,(xVa,)
OR(a1,...,an) (xVa1),...,(xVa,) (XVarV---Vap,)
ITE(c,t,f)  (xVEViE),(xVeVvF) (xvEVt),(XVcVf)

Variable elimination by substitution [EenBiere07]
Let RX:FX\GX; R)—(:F)-(\G)-(
Replace Fx A Fz by G, ®, Rz A Gz ®, Ry. Always less than F, o, Fs !
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Variable Elimination
VE by substitution

Example of gate extraction: x = AND(a, b)

Fe=(xVc)A(xVd)A(xVaVb)
Fr=(xVa)A(xVb)A(xVEVT)
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Variable Elimination

VE by substitution [EenBiere'07]

Example of gate extraction: x = AND(a, b)

Fo=(xVc)A(xVd)A(xVaVvhb)
Fr=(xVa)A(xVb)A(xVEVT)

v

Example of substitution

R« Gx

A A
r Y

(x V¢) (x v d) (xVavbh)

G—{ (xVa) (aVc) (aVvd)
x (xV b) (bVc) (bVvd)
Rz { (xVvevr) (3vbVvevf)

M.J.H. Heule (UT Austin) Prepocessing July 5, 2013 14 / 42



Variable Elimination

VE by substitution [EenBiere'07]

Example of gate extraction: x = AND(a, b)

Fo=(xVc)A(xVd)A(xVaVvhb)
Fr=(xVa)A(xVb)A(xVEVT)

v

Example of substitution

R« Gx

A A
r Y

(x V¢) (x v d) (xVavbh)

G—{ (xVa) (aVc) (aVvd)
x (xV b) (bVc) (bVvd)
Rz { (xVvevr) (3vbVvevf)

using substitution: |Fy ® Fz| < |Fx| + |Fz]
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Bounded Variable Addition

Bounded Variable Addition
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Bounded Variable Addition
Bounded Variable Addition

Main ldea

Given a CNF formula F, can we construct a logically equivalent F’
by introducing a new variable x ¢ VAR(F) such that |F'| < |F|?
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Bounded Variable Addition
Bounded Variable Addition

Main ldea

Given a CNF formula F, can we construct a logically equivalent F’
by introducing a new variable x ¢ VAR(F) such that |F'| < |F|?

Reverse of Variable Elimination

For example, replace the clauses

(aV o) (aVvd)
(bV c) (bV d)
(cvéevf) (dvevf) (avbvevf)
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Bounded Variable Addition
Bounded Variable Addition

Main ldea

Given a CNF formula F, can we construct a logically equivalent F’
by introducing a new variable x ¢ VAR(F) such that |F'| < |F|?

Reverse of Variable Elimination

For example, replace the clauses

(aV o) (aVvd)
(bV c) (bV d)
(cvéevf) (dvevf) (avbvevf)

Challenge: how to find suitable patterns for replacement?
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Bounded Variable Addition
Factoring Out Subclauses

Replace
(avbvevd) (avbvcve) (avVbVcecVf)
by
(xvd) (xve) (xVvf) (kvVaVvbVc)
adds 1 variable and one clause reduces number of literals by 2

Not compatible with BVE, which would eliminate x immediately!

... so this does not work . ..

M.J.H. Heule (UT Austin) Prepocessing July 5, 2013 17 / 42



Bounded Variable Addition
Bounded Variable Addition

Replace
(avd) (aVve)
(bvd) (bVe)
(cvd) (cVe)
by
(xva) (xvb) (xVo)
(xvd) (xVe)

Smallest Example

adds 1 variable

M.J.H. Heule (UT Austin)

Prepocessing

removes 1 clause
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Bounded Variable Addition
Bounded Variable Addition

Possible Patterns
(XivL) .. (XiV L)

(X\/L)

>~

Il
1>

-,

(Xn\:/Ll) (xn:vu)

replaced by A(yVv X)) N ANy VL))

i=1 j=1

m Every k clauses share sets of literals L;
m There are n sets of literals X; that appear in clauses with L;
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Bounded Variable Addition

Bounded Variable Addition on AtMostOneZero (1)

Example encoding of AtMostOneZero (x1, X2, - - . , X,)

(X1 V X2) A\ (Xg V XlO) AN (Xg V Xl()) A (X7 V Xl()) A\ (X6 V X10) AN
(X1 \ X3) N (X2 V X3) AN (Xg V Xg) AN (X7 \ Xg) AN (X6 \ Xg) A
(a1 Vxy) A (VX)) AOaVx) A (gVx) A (xVxg) A
(X1 V X5) N (X2 V X5) N (X3 V X5) A (X4 V X5) N (X6 V X7) A
(X1 \ X6) N (X2 V X6) A (X3 V X6) A (X4 \ X6) N (X5 \ X6) AN
(X1 V X7) AN (X2 V X7) VAN (X3 V X7) VAN (X4 V X7) AN (X5 V X7) VAN
(x1Vxg) A (xVxg) A(x3Vxg) A(xaVxg) A (x5V xg) A
(x1Vxo) A (x2Vx) A (x3Vx0)A(xaVx9) A (x5V x9) A
(X1 V X10) N (X2 V X10) VAN (X3 V X10) VAN (X4 V X10) AN (X5 V XlO) J
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Bounded Variable Addition

Bounded Variable Addition on AtMostOneZero (1)

Example encoding of AtMostOneZero (x1, X2, - - . , X,)

(X1 V X2) A\ (Xg V X10) AN (Xg V XlO) A (X7 V XlO) A\ (X6 V X10) AN
(X1 \ X3) N (X2 V X3) AN (Xg V Xg) AN (X7 \ Xg) AN (X6 \ Xg) A
(a1 Vxy) A (VX)) AOaVx) A (gVx) A (xVxg) A
(X1 V X5) N (X2 V X5) N (X3 \/X5) A (X4 V X5) N (X6 V X7) A
(X1 V X6) N\ (X2 V X6) VAN (X3 V X6) A\ (X4 V X6) N\ (X5 V X6) A\
(X1 V X7) N\ (X2 V X7) VAN (X3 V X7) A\ (X4 V X7) N\ (X5 V X7) A\
(xaVxg) A(xVxg) A(sVxg) A(xaVxg) A (xsV xg) A
(x1Vxo) A (x0Vx) A (x3Vxo)A(xaVx)A (x5V x9) A
(X1 V XlO) N\ (X2 V XlO) A\ (X3 V XlO) A\ (X4 V XlO) N\ (X5 V XlO) J

Replace (x; V x;) with i € {1..5},j € {6..10} by (x; Vy), (x; V¥)
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Bounded Variable Addition

Bounded Variable Addition on AtMostOneZero (2)

Example encoding of AtMostOneZero (x1, X2, - - . , X,)

(Xl V X2) AN (Xg V XlO) A\ (Xg V XlO) AN (X7 V Xl()) A\ (X6 V Xl()) A\
(X1 V X3) AN (X2 \ X3) AN (Xg V Xg) A (X7 V Xg) AN (X6 \ Xg) AN
(xaVxa)A (VX)) ADaVx) A (VX)) A (xV xg) A
(Xl V X5) AN (X2 V X5) AN (X3 V X5) A (X4 V X5) N (X6 V X7) N
(aVy)A (eVy) AN(sVy) A (xaVy) A (xsVy) A
(6 V)N (x7VY) AN (xsVy) A (xVYy) A (xwoVy)

v
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Bounded Variable Addition

Bounded Variable Addition on AtMostOneZero (2)

Example encoding of AtMostOneZero (x1, X2, - - . , X,)

(Xl V X2) AN (Xg V XlO) A\ (Xg V XlO) AN (X7 V Xl()) A\ (X6 V Xl()) A\
(X1 V X3) AN (X2 \ X3) AN (Xg V Xg) A (X7 V Xg) AN (X6 \ Xg) AN
(X1 V X4) AN (X2 V X4) N (X3 V X4) A (X7 V Xg) N (X6 V Xg) N
(X1 V X5) AN (X2 V X5) N (X3 V X5) A (X4 V X5) N (X6 V X7) N
CaVyY)AN CoVy) A(sVy) A (xaVy) A(xsVy) A
(X6 V)N (x7VY) AN (xsVy) A (xVY) A (xwoVy) J

Replace matched pattern
(X1VZ)/\(X2\/Z)/\(X3\/Z) N\
(X4\/2)/\(X5\/2)/\(y\/2)
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Bounded Variable Addition

Bounded Variable Addition on AtMostOneZero (3)

Example encoding of AtMostOneZero (x1, X2, - - . , X,)

(Xl V X2) VAN (Xg V XlO) N\ (Xg V XlO) N (X7 V Xl()) N (X6 V Xl()) N\
(X1 \/X3) AN (X2 \/X3) AN (Xg \/Xg) VAN (X7 \/Xg) N (X6 \/Xg) N
(aVz)A (Vz) A(aVz) AlxrVxg) A (xVx) A
(xaVZ)N (x5VZ) A (yVZ) A(xaVxs) A (x6Vx7) A

aVy)A (xsVy) A(xVy) A (xxVy) A (xV7y)
(Xg\/)7)/\(X10\/)7)

M.J.H. Heule (UT Austin)
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Bounded Variable Addition

Bounded Variable Addition on AtMostOneZero (3)

Example encoding of AtMostOneZero (x1, X2, - - . , X,)

(Xl\/XQ)/\(Xg\/Xlo)/\(Xg\/Xlo)/\(X7\/X10)/\(X6\/X10)/\
(X1 \/X3)/\ (X2 \/X3) AN (Xg \/Xg) N (X7 \/Xg) AN (X6 \/Xg) AN
(aVz)A (Vz) A(aVz) AlxrVxg) A (xVx) A
(xaVZ)AN (xsVZ) A (yVZ) AN(xaVxs) A (x6Vx7) A
(xaVY)AN (xsVYy) A (6VY) ANV A (VYY)
(X Vy) A (x0 V)

Replace matched pattern
(6 VwW)A (o Vw)A(xsVw)A
(Xg\/V_V)/\(Xlo\/V_V)/\()_/\/V_V)

M.J.H. Heule (UT Austin)
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Blocked Clause Elimination

Blocked Clauses [Kullmann'99]

Definition (Blocking literal)

A literal /'in a clause C of a CNF F blocks C w.rt. F if for every clause
D € F with | € D, the resolvent (C \ {/}) U (D \ {/}) obtained from
resolving C and D on / is a tautology.

With respect to a fixed CNF and its clauses we have:

Definition (Blocked clause)

A clause is blocked if it contains a literal that blocks it.
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Definition (Blocked clause)
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Blocked Clause Elimination

Blocked Clauses [Kullmann'99]

Definition (Blocking literal)

A literal /'in a clause C of a CNF F blocks C w.rt. F if for every clause
D € F with | € D, the resolvent (C \ {/}) U (D \ {/}) obtained from
resolving C and D on / is a tautology.

With respect to a fixed CNF and its clauses we have:

Definition (Blocked clause)

A clause is blocked if it contains a literal that blocks it.

Consider the formula (aV b) A (2 V bV ) A(3V c).
First clause is not blocked.
Second clause is blocked by both 2 and ¢. Third clause is blocked by ¢

Proposition

Removal of an arbitrary blocked clause preserves satisfiability.
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Blocked Clause Elimination

Blocked Clause Elimination (BCE)

Definition (BCE)
While there is a blocked clause C in a CNF F, remove C from F.

Consider (aV b) A(aVbVE)A(FV c).

After removing either (aV bV €) or (3V ¢),

the clause (a V b) becomes blocked (1o clause with either b or 3).
An extreme case in which BCE removes all clauses of a formulal!
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Blocked Clause Elimination

Blocked Clause Elimination (BCE)

Definition (BCE)
While there is a blocked clause C in a CNF F, remove C from F.

Consider (aV b) A(aVbVE)A(FV c).

After removing either (aV bV €) or (3V ¢),

the clause (a V b) becomes blocked (1o clause with either b or 3).
An extreme case in which BCE removes all clauses of a formulal!

Proposition

BCE is confluent, i.e., has a unique fixpoint

m Blocked clauses stay blocked w.r.t. removal
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Blocked Clause Elimination

BCE very effective on circuits [JarvisaloBiereHeule' 10]

BCE converts the Tseitin encoding to Plaisted Greenbaum
BCE simulates Pure literal elimination, Cone of influence and much more

Example of circuit simplification by BCE on Tseitin encoding
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(Cl) (El V f3 \Y Eo)

(51 VitV l_Lz) Eg x Z))

(C1 \Y l_'l) _ _

(a V) (2 V a0 V bo)
(tg V ao)

(00 V t3 vV o) (t2 V bo)

50V BV E

EZE v Z v gzg (t3 V ag V bo)

(00 V B V o) (£ v 3 V bo)
(t3 V ag V bo)
(t3 V a V bo)
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(Cl) EEI V E3)\/ Eo)
_ fVt

(51 vV l_'l V t2) (fi v C::))

%ﬁg&_} (t2 V a Vv Bo)
(fg V ao)

(50 vV t_‘3 vV Co) (fg V bo)

50V BV E

EZE V Z v gzg (t3 V ag V bo)
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Blocked Clause Elimination

BCE very effective on circuits [JarvisaloBiereHeule' 10]

BCE converts the Tseitin encoding to Plaisted Greenbaum
BCE simulates Pure literal elimination, Cone of influence and much more

Example of circuit simplification by BCE on Tseitin encoding

(Cl) (tl ViV Eo)
_ - (t1Vt3)
(C1 \Y l_'l V t2) (El V. CO)
terv-in) -
%ﬁg&_} (t2 V ag V bo)
(fg vV ao)

too-v-t5-v-ep) (2 V bo)
E_ :a (t3\/ao\/b0)
(t3 V a V bo)
)
)

: (t3\/ao\/b0

(t3\/ao\/b0

M.J.H. Heule (UT Austin) Prepocessing July 5, 2013 26 / 42



Blocked Clause Elimination

BCE very effective on circuits [JarvisaloBiereHeule' 10]

BCE converts the Tseitin encoding to Plaisted Greenbaum
BCE simulates Pure literal elimination, Cone of influence and much more

Example of circuit simplification by BCE on Tseitin encoding

(a) ttrvtv-ty)
. ~ (t1 V t3)
(avhVh) (£ V )
fervtr) Efz\/io)\/f;o)
to V ag
too-v-t5-v-€0) (22V bo)
ton-vt5 :u} (t3 Va0 V bo)
teo = 0) (t3\/ao\/b0)
teov-t5v-eo) (t3V ap V bo)
(tsV & V bo)

M.J.H. Heule (UT Austin) Prepocessing July 5, 2013 26 / 42



Blocked Clause Elimination

BCE very effective on circuits [JarvisaloBiereHeule' 10]

BCE converts the Tseitin encoding to Plaisted Greenbaum
BCE simulates Pure literal elimination, Cone of influence and much more

Example of circuit simplification by BCE on Tseitin encoding

(a) Ctrv-tsv-&)

. ~ (t1 V t3)

(avhVh) (£ V )
fervtr) (fz\/io\/Bo)

too-v-t3-v-€p) {t2-v-bo)
ton-vt5 :u} (t3 Va0 V bo)
teo = 0) (t3\/ao\/b0)
teov-t5v-eo) (t3V ap V bo)
(tsV & V bo)

M.J.H. Heule (UT Austin) Prepocessing July 5, 2013 26 / 42



Blocked Clause Elimination

BCE very effective on circuits [JarvisaloBiereHeule' 10]

BCE converts the Tseitin encoding to Plaisted Greenbaum
BCE simulates Pure literal elimination, Cone of influence and much more

Example of circuit simplification by BCE on Tseitin encoding

(c1) ttrv-tv-en)

. ~ (t1 V t3)

(avhVh) (£ V )

E “E) (tz\/go\/Bo)
{trv-an)

E_ :a (f3\/ao\/b0)
( = ) (E3V50Vl:70)
Cts-v-a0-v-bo)
{tz-v-ao-V-bo)

M.J.H. Heule (UT Austin) Prepocessing July 5, 2013 26 / 42



Blocked Clause Elimination

BCE very effective on circuits [JarvisaloBiereHeule' 10]

BCE converts the Tseitin encoding to Plaisted Greenbaum
BCE simulates Pure literal elimination, Cone of influence and much more

Example of circuit simplification by BCE on Tseitin encoding

(c1) (vt véo)
) B (tl V t3)
(@avhVh) (t1 Vo)
ferv-tn) (t2v 3V bo)
tervis) (&2 V ao)

g ; & (l_L3 V ag V 90)

E = } (E3V50Vl_70)
{tv-ap-v-by)
{ts-30-v-bo)

M.J.H. Heule (UT Austin) Prepocessing July 5, 2013 26 / 42



Blocked Clause Elimination

BCE very effective on circuits [JarvisaloBiereHeule' 10]

BCE converts the Tseitin encoding to Plaisted Greenbaum
BCE simulates Pure literal elimination, Cone of influence and much more

Example of circuit simplification by BCE on Tseitin encoding

_ _ (t1V t3)
tervirv ) (B V o)
5 5 {v-a0-v-b)
terv-t2) 2
E_ :a (f3\/ao\/b0)
( = ) (zV 3V 1}0)
{t5-v-a0-v-bo)}
{ts-v-au-v-bo)

M.J.H. Heule (UT Austin) Prepocessing July 5, 2013 26 / 42



Blocked Clause Elimination

BCE very effective on circuits [JarvisaloBiereHeule' 10]

BCE converts the Tseitin encoding to Plaisted Greenbaum
BCE simulates Pure literal elimination, Cone of influence and much more

Example of circuit simplification by BCE on Tseitin encoding

_ _ (t1V t3)
tervirv ) (B V o)
5 5 {v-a0-v-b)
terv-t2) 2
E_ :a (f3\/ao\/b0)
( = ) (zV 3V 1}0)
{t5-v-a0-v-bo)}
{ts-v-au-v-bo)

M.J.H. Heule (UT Austin) Prepocessing July 5, 2013 26 / 42



Blocked Clause Elimination

BCE very effective on circuits [JarvisaloBiereHeule' 10]

BCE converts the Tseitin encoding to Plaisted Greenbaum
BCE simulates Pure literal elimination, Cone of influence and much more

Example of circuit simplification by BCE on Tseitin encoding

_ (f3\/ao\/b0)

( = ) (t3\/ao\/l_70)
{tv-ap-v-by)

{ts-30-v-bo)

M.J.H. Heule (UT Austin) Prepocessing July 5, 2013 26 / 42



Blocked Clause Elimination
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Hyper Binary Resolution

Hyper Binary Resolution [Bacchus-AAAID2]

Definition (Hyper Binary Resolution Rule)

(UVhEV LYV (v (V) ... (,VvI)
(Iv 1)
binary edge —
hyper edge —

hyper binary edge ——

Hyper Binary Resolution Rule:

m combines multiple resolution steps into one
m uses one n-ary clauses and multiple binary clauses

m special case hyper unary resolution where [ = /'
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Hyper Binary Resolution

Hyper Binary Resolution (HBR)

Definition (Hyper Binary Resolution)
Apply the hyper binary resolution rule until fixpoint

Consider (3V b)A(aVc)A(bVd)A(bVe)A(EVA)A(EVeE)A(dVEVF).

hyper binary resolvents:
@ (3V F),(bVf),(EVF)

HBR is confluent, i.e., has a unique fixpoint
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Hyper Binary Resolution
Structural Hashing of AND-gates via HBR

gate g g=flgt, - -&n) g < f(g1,.--gn)
“positive” “negative”

g = OR(g1,---,8n) (VeV---Ven) (gVé&)....(gVén)

g := AND(g1, - .-, &n) (EVeL).--.(8Ven) (gVE&V---Vé)

g:= XOR(glzgz) Evave) (EVvaeve) | (evave) (Ve Ve)

g = 1TE(g1, 82, 83) (Evaeive) (BVvaeves) | (evaVve) (Ve Ve)

Definition (Structural Hashing of AND-gates)

Given a Boolean circuit with two equivalent gates, merge the gates.

Example

x = AND(a,b) : (xVa)A(XV b)A(xVaVh)
y = AND(a,b) : (Va)A(FVb)A(yVaVb)

the two HBRs (X V y) and (x \/ V) express that x = y

v
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Hyper Binary Resolution

Non-transitive Hyper Binary Resolution (NHBR)

A problem with classic HBR is that it adds many transitive binary clauses

Example

Consider (3V b)A(3Vc)A(bVd)A(bVe)A(EVA)A(EVeE)A(dVEVF).

adding (bV f) or (¢ V f)
makes (2 \/ f) transitive

Solution [HeuleJarvisaloBiere 2013]

Add only non-transitive hyper binary resolvents
Can be implemented using an alternative unit propagation style

v
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Space Complexity of NHBR: Quadratic

Question regarding complexity [Biere 2009]

m Are there formulas where the transitively reduced hyper binary
resolution closure is quadratic in size w.r.t. to the size of the original?

m where size = #clauses or size = #literals or size = #variables
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Space Complexity of NHBR: Quadratic

Question regarding complexity [Biere 2009]

m Are there formulas where the transitively reduced hyper binary
resolution closure is quadratic in size w.r.t. to the size of the original?

m where size = #clauses or size = #literals or size = #variables

Yes!
Consider the formula F, = A, (X VV)A (K Vw)A(7V WV y))

Ffvariables: 2n + 2
##clauses: 3n
F#literals: 7n

v
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Hyper Binary Resolution

Space Complexity of NHBR: Quadratic

Question regarding complexity [Biere 2009]

m Are there formulas where the transitively reduced hyper binary
resolution closure is quadratic in size w.r.t. to the size of the original?

m where size = #clauses or size = #literals or size = #variables

v
Yes!

Consider the formula F, = A, (X VV)A (K Vw)A(7V WV y))

Ffvariables: 2n + 2
##clauses: 3n

X Hliterals: 7n

[ >
K
N

n? hyper binary resolvents:
(xiVyj)for1<i,j<n

0N
A\

v
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Unhiding Redundancy

Unhiding Redundancy
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Unhiding Redundancy
Redundancy

Redundant clauses:
m Removal of C € F preserves unsatisfiability of F
m Assign all / € C to false and check for a conflict in F\ {C}
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Unhiding Redundancy
Redundancy

Redundant clauses:
m Removal of C € F preserves unsatisfiability of F
m Assign all / € C to false and check for a conflict in F\ {C}

Redundant literals:
m Removal of | € C preserves satisfiability of F
m Assign all I" € C\ {/} to false and check for a conflict in F

Redundancy elimination during pre- and in-processing
m Distillation
u ReVivAl
m Unhiding

M.J.H. Heule (UT Austin) Prepocessing July 5, 2013 34 / 42



Unhiding Redundancy

Unhide: Binary implication graph (BIG)

unhide: use the binary clauses to detect redundant clauses and literals

/\/\ /\
\/ /\
\/ \/\/

(ave)n(avd)A(bvd)A(bVe)A
(EVANMAVEIA(EVFAFVHA
(gVh)A
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Unhiding Redundancy

Unhide: Transitive reduction (TRD)

transitive reduction: remove shortcuts in the binary implication graph

/\/\ /\
\/ /\
\/ \/\/

(ave)n(avd)A(bvd)A(bVe)A

(EVANMAVEIA(EVFAFVHA

EV-MA(EVEVR)A(BVEVR)A(aVbVcVdVeVFfVgVh)
TRD
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Unhiding Redundancy

Unhide: Hidden tautology elimination (HTE) (1)

HTE removes clauses that are subsumed by an implication in BIG

/\/\ /
\/ /\
ANz \/\/

h

(ave)n(avd)A(bvd)A(bVe)A
(EVANMAVEIA(EVFAFVHA
Gvev-A(bVEVAA(avbVcecvdVeVfVgVh)
HTE
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Unhiding Redundancy

Unhide: Hidden tautology elimination (HTE) (2)

HTE removes clauses that are subsumed by an implication in BIG

/\/\ /
\/ /\
ANz \/\/

h

(ave)n(avd)A(bvd)A(bVe)A
(EVANMAVEIA(EVFAFVHA

v A(avbVevdVveVfVvgVh)
HTE
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Unhiding Redundancy

Unhide: Hidden literal elimination (HLE)

VAYAN /
N Ay
N NN

h

(ave)n(avd)A(bvd)A(bVe)A
(EVANMAVEIA(EVF)AFVHA
(8- vbveve-y e V £ h)
HLE
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Unhide: TRD 4+ HTE + HLE

unhide: redundancy elimination removes and adds arcs from BIG(F)

\/

\ \/\

\/

(ave)n(avd)A(bVvd)A(bVe)A
(EVAANMAVEA(EVF)AFVhHA(eVh)
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Unhiding Redundancy
Conclusions

Many pre- or in-processing techniques in SAT solvers:
m (Self-)Subsumption
m Variable Elimination
m Blocked Clause Elimination
m Hyper Binary Resolution
m Bounded Variable Addition
m Equivalent Literal Substitution
m Failed Literal Elimination
m Autarky Reasoning
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Unhiding Redundancy
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